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Experimental results have shown that the conic cavities in conic closed-cavity liquid crystal
displays (conic CCLCDs) can give a wide viewing angle and grey levels without grey-scale
inversion. The purpose of this paper is to extend investigations of conic CCLCDs. In
experiments, we describe in detail the fabrication process, microscopic observations and
optical measurements for conic CCLCDs. The simulation of director distribution will be
based on the tensor form formulation of the free energy density. The diŒerential equations
satis� ed by the steady-state director distribution are derived from this form of free energy
and are solved in conjunction with Poisson’s equation. The simulation of the optical
propagation and the calculation of the optical transmittance will be based on the extended
Jones matrix method. We show by simulation that a normal umbilical structure is the � nal
stable state and that indeed conic CCLCDs can have a wide viewing angle and grey scale
without grey-scale inversion. The theoretical results are compared with the experimental
results. Transmittance, contrast ratio and viewing angle with various parameters of the LC
are measured. Improved iso-contrast contours of the conic CCLCD with a c-plate compensator
are also shown. Finally, we have also compared the electro-optical performance and the oŒ
axis colour-shift of the CCLCD, the 4-domain VAN device and the 4-domain twist-VAN device.

1. Introduction [5, 6] The conic CCLCD [7–9] is veri� ed as possessing
a wide viewing angle and no grey-scale inversion charac-Over the past years, liquid crystal displays (LCDs)
teristics, as � rst reported by the author’s research group.have become widely used in applications such as laptop
Due to the cylindrical axially symmetric properties, thecomputer displays, monitors, and televisions. Even large
conic CCLCD gives an excellent optical performancescreen applications are expected. The image quality of
over a Ô 70ß viewing angle in both the horizontal andthe LCDs has also been improved, and their resolution
vertical directions, under the condition of no grey-scalehas become � ner. Wide viewing angle, contrast ratio and
inversion.no grey-scale inversion are favourable properties that

As LCDs become more sophisticated, computermake them an attractive choice for transmission LCDs.
simulation likewise becomes more and more important.Recently, various methods for obtaining wide viewing
Simulation tools help in understanding the behaviourangle LCDs have been proposed. These methods [1–4]
of the director and the optics of LCDs, and also inused the domain-divided mode, in-plane-switching mode,
designing LCDs. To calculate a director con� guration,vertical alignment mode and axially symmetric aligned
it is necessary to express the free energy of the system.microcell mode, as well as other optical compensation-
In the equilibrium state of the director with constant� lm methods. Retardation � lm compensation improves
potential, the Gibbs free energy is minimized. The Gibbsthe on–oŒ electro-optical performance, but does not
free energy has elastic terms associated with the defor-solve the grey scale problem. The four-domain vertical
mation of the director and external � eld terms. Thealignment nematic (4-D VAN) LCD and four-domain
electric � eld induced director � eld transition of a nematictwisted vertical alignment nematic (4-D twisted VAN)
liquid crystal in a closed conical cavity has been reportedLCD of these inversions also have a wide viewing angle.
[10, 11]. The normal umbilic (NU) structure, twisted
umbilic (TU) structure, normal hyperbolic (NH) point*Author for correspondence; e-mail: bjliang@fcu.edu.tw
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698 B.-J. Liang et al.

structure with a disclination ring, twisted hyperbolic
(TH) point structure with a disclination ring, and normal
Poincare (NP) structure are found to be stable in electric
� eld-induced transitions. In this case, the con� guration
transition will not appear in the calculating process
because the disclination position and form are � xed
under the Frank–Oseen vector representation. The stable
structure is determined by comparing the total energy
of each structure under diŒerent applied voltages. The
calculating sequences are very heavy and complicated.

Figure 1. Schematic of the conic CCLCD.
In the vector representation, the discretized free energy
expression gives diŒerent free energies for n and Õ n. In

2.1.1. Fabrication of the cavities-glass platereal nematics, however, n and Õ n are equivalent and
An indium tin oxide (ITO)-coated glass plate wasshould give the same torque and the same free energy.

used as substrate. It is necessary to clean the substratesWhen the angle between two neighbouring discretized
to avoid lines and defects on the surfaces. A layer ofdirectors is greater than 90 ß , the torque is exerted
silicon dioxide (SiO2 ) was grown about 3 mm thick onbetween the two arrows, if the vector representation is
the substrate by plasma enhanced chemical vapourused, rather than between the arrow and the tail, which
deposition. A mask having circles with both diametermake an angle less than 90ß . The Landau–de Gennes Q
and interval distances about 90 mm was made for thetensor representation [12, 13] of the elastic free energy
photolithography processes. The exposed substrate wassolves this problem. The Q tensor representation always
coated with positive photoresist and then the patternincorporates the multiplication of two ns. By using the
transformation was made from mask to SiO2 layer. TheQ tensor representation, the disclination position and
exposed regions of positive photoresist layer were dis-form may be changed, and director con� gurations can
solved in a developing solution, and the circular holebe more precisely calculated.
pattern was left on the photoresist layer. The BuŒeredIn this paper, we extend our preliminary investigation
Oxide Etching (BOE) solution is suitable for etching theof the conic CCLCD and give some more detailed results
SiO2 layer, but not for etching the ITO layer. After BOEand discussion. We will review the detailed fabrication pro-
had etched out the conic-cylindrical holes completely incesses and the experimental methods for conic CCLCDs
the SiO2 layer, the photoresist was removed from thein § 2. In § 3 the master equations for calculation are
top of the SiO2 layer. Because we used wet etchingderived. Once the director � eld is obtained, the electro-
processes that have an almost isotropic etching rate inoptical properties can be calculated by the extended
the SiO2 layer, the pro� les of the etched holes resembleJones matrix method [14]. In § 4 we give results about
conical bowls.the stable structure in conic CCLCDs and the optical

characteristics of CCLCDs, comparing also the results
2.1.2. Coating with surfactantfrom simulation and from measurement. Also, the

The conic CCLCD has two glass plates: one is thedependence of transmittance and contrast ratio on the
cavities-glass plate and the other is an even-glass plateoptical parameters has been studied, and we demonstrate
coated with ITO. Before coating surfacant on the surface,improved iso-contrast contours of the conic CCLCD
cleaning processes for the plates are needed to ensurewith a c-plate compensator. The transmission versus
the quality of the alignment of the LC in the closedvoltage characteristics at normal incidence and oŒ-axis
cavities. A perpendicular alignment of the LC directorcolour shift of 4-D VAN, 4-D twisted VAN and CCLCDs
on the cavity walls was achieved by coating DMOAPare also compared. Finally, we give our conclusions
(N,N-dimethyl-N-octadecyl-3-am inopropyltrimetho xysilylin § 5.
chloride) on both the even-glass plate and the cavities-
glass plate. Kahn [15] has shown that anchoring is very

2. Experimental strong between LCs and SiO2 or ITO.
2.1. Sample preparation

The conic CCLCD was fabricated by � lling the LC 2.1.3. Filling the L C in the holes
into conic cylindrical cavities as shown in � gure 1 (a). Because the LC is viscous in the nematic phase, but
These cavities are prepared by the techniques of semi- less viscous in the isotropic phase, we heated the LC to
conductor manufacture, so that their geometry and the isotropic phase for � lling the cavities. The LC used
position can be very well controlled. The fabrication was ZLI-2806 (LC mixture from Merck); the dielectric

constant De is Õ 4.8.process for the conic CCLCD includes the following.
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699Conic cylindrical cavities L CDs

2.1.4. Completing the cell of the LC directors are that n is vertically aligned on
To form closed cavities, the DMOAP-coated smooth the cylinder walls. The electrodes are located on the

plate was used to cover the top of the cavity plate. Then upper plane z 5 D and the lower plane z 5 0, in which
the temperature was lowered to form the nematic phase the voltage V0 is applied. The boundary conditions of
and align it in the holes. Next, we used glue to seal the the electric potential are V (z 5 0) 5 0, V (z 5 D) 5 V0 , and
cell and connected conducting wires onto the ITO of V (z � 3 ) 5 0.
the two substrates. No additional spacers were provided The stable director � eld is the result of the distri-
between the SiO2 substrate and the planar substrate. bution of n1 , n2 , n3 , and V that make the free energy Fg
Experimentally, the space between the SiO2 substrate and minimal. The master equations to minimize the tensor
the planar substrate derives from the assembly process. formulation of the free energy are in the appendix:
Eventually it will be controlled using better assembly equations (A7)–(A10).
technology. Other cavity geometry and special design We use the extended Jones matrix (EJM) method, which
features can be incorporated for larger aperture ratios. covers large incident angles and arbitrary orientations.

It should be noted that, from an electromagnetic wave
2.2. Microscopic observations and measurements point of view, the EJM method is only allowed for the

We used a Leitz polarizing microscope and crossed calculation of light propagation in strati� ed, anisotropic,
polarizers to observe the optical patterns from the top inhomogeneous media. The distribution of the optical
view of the display [7]. There is a very dark � eld of axes of the conic CCLCD is inhomogeneous, but it is
view with no applied voltage. When the applied voltage not strati� ed. Therefore, we modi� ed the EJM method
is a little greater than the threshold voltage, the pattern to deal with the light propagation in the CCLCD. The
of each cavity begins to develop with a circular dark detailed calculation is expressed in the appendix (optical
region in the centre and four petal-shaped bright regions simulation).
around the circumference. If the applied voltage is
increased continuously, the circular dark region shrinks
and the four bright regions become brighter and expand

4. Results and discussions
inwards to the centre. The circular dark region � nally

4.1. Stable structure
shrinks to a central point and four dark brushes gradually

To simplify the analysis, the aspect ratio of the conic
become apparent. The directions of the dark brushes are

cylinder is 9, the thickness D 5 5 mm and the radii RLalways coincident with the directions of the polarizers.
and RU are 50 and 45 mm, respectively. The material para-

The electro-optical properties were measured by the
meters used in solving the director � eld are K 5 13.5 pN

LCD evaluation system LCD5100 made by Otsuka.
and De 5 Õ 4.8. We use the � nite diŒerence method
(FDM) to solve the master equations (A7)–(A10) in the

3. Theory
appendix, together with the boundary conditions. AtConsider a conic CCLCD with a given array of conic
the moment an analytical solution does not exist; onlycylinders of LC as shown in � gure 2. The thickness of
numerical solutions are available. The start of the numericalthe conic cylinders is D, and the radii of upper and
analysis is to discretize the problem. Because the masterlower circles are RU and RL , respectively. In the conic
equations are expressed in Cartesian coordinates, weCCLCD, the LC molecules are perpendicularly anchored
generate the grids by cubic meshes. In each grid thereon the walls by the surfactant. The boundary conditions
are n1 , n2 , n3 , and V to satisfy the master equations.

The algorithm we adopt to solve the equations is the

relaxation method. Next we give initial conditions for

the director � eld and electric potential to start the

calculation. We give three kinds of initial conditions that

are hyperbolic, radial, and umbilic structures. These

initial states all match the boundary conditions of the
conic CCLCD. We � nd that the initial structure is still

preserved under the threshold voltage, but if the applied

voltage is larger than the threshold voltage, the most

central region of stable structure is always the umbilic

structure no matter what the initial condition was. The
Figure 2. A local right-handed coordinate system x, y, and z

schematic of the director should be umbilic as shown in
of a conic CCLCD. The thickness of the conic cylinders

� gure 3, and it is obvious that there is a central symmetricis D, and the radii of the upper and lower circles are RU
and RL , respectively. structure and no disclination or singularity present.
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700 B.-J. Liang et al.

Figure 3. Schematic of the normal umbilical structure: (a) side
view, (b) top view.

4.2. Electro-optical properties
In optical simulation, we choose the wavelength of

the incident light to be 550 nm. The birefringence of the
liquid crystal is Dn 5 0.0437 and the refractive indices ne
and no are 1.5183 and 1.4746, respectively. As mentioned
above, we set perpendicular alignment of the directors
as the boundary conditions and an umbilic con� guration
as the initial condition. Then we calculate the stable
state of the director � eld under the circumstance that
no voltage is applied. The stable director � eld at zero-
� eld is the initial condition of the director � eld when we
calculate the stable director � eld induced by an applied
voltage. As soon as the director � elds are obtained, the
transmittance at an applied voltage can be calculated
by the optical simulation method. The dependence of
transmittance on applied voltage and viewing angle
will be studied, and iso-contrast contours will also be
obtained. Finally, the transmittance of the conic CCLCD
will be optimized by optical parameters.

4.2.1. Azimuthal angle w 5 0ß
The director of the conic CCLCD is a centrally

symmetric structure. This symmetry will never appear
as the optical pattern of a conic CCLCD, when the
conic CCLC is between crossed polarizers. We de� ne

(a)

(b)

that the direction of the azimuthal angle w 5 0 ß of the Figure 4. (a) Simulation results and (b) experimental results
for the viewing angle-dependent normalized transmittanceconic CCLCD is the transmission axis of the polarizer.
(T ) at azimuthal angle w 5 0ß .The simulation result for the threshold voltage is 1.9 V,

which is coincident with the experimental result. Figure 4
shows the simulation and experimental results for the
h± T (viewing angle–transmittance) curves at diŒerent conditions is cylindrical. Therefore, in the simulation

results, the transmittance curves are symmetric withvoltages V , but � xed w 5 0ß . The transmittance increases
as the applied voltage increases; hence there is no grey- respect to w 5 0 ß . However in the experimental results,

we cannot � nd symmetry in the grey levels. The asym-scale inversion in this azimuthal angle. Ideal polarizers are
assumed in the simulation; hence the dark state in the metry of transmittance is caused by the asymmetric

alignment of the director � eld in the conic CCLC. Wesimulation is much better than that found experimentally .
It is a reasonable assumption that the director � eld is believe the preparation processes disturb the symmetry

of the boundary conditions.cylindrically symmetric if the symmetry of the boundary
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701Conic cylindrical cavities L CDs

4.2.2. Azimuthal angle w 5 45 ß viewing angle. This is due to light leakage [16] and will
When � xed at w 5 45 ß , � gure 5 shows the simu- occur with crossed polarizers at w 5 45 ß . This will be

lation and experimental results of h ± T (viewing angle– improved by adding a c-plate compensation � lm. It is
transmittance) curves at diŒerent voltages V . The trans- obvious that the simulation and experimental results
mittance increases as the applied voltage increases. are similar.
The maximal transmittance at diŒerent viewing angles
decreases as the viewing angle increases at higher applied

4.2.3. Iso-contrastvoltages. When V < Vth , transmittance increases as the
The contrast is the ratio (CR) of transmittance between

the bright state and the dark state. In conic CCLCDs,
the dark state is at a voltage smaller than the threshold
and the bright state is at a higher voltage. Figure 6
shows the iso-contrast contours obtained from simu-

lations and experiments in which the applied voltages
are 0 V for the dark state and 5.0 V for the bright state.
The iso-contrast contours can demonstrate the angular
viewing capabilities. In general, the contour with CR 5 10

limits the viewing angle of the display. Furthermore the
maximal contrast has an eŒect on the image quality.
The dark state of a conic CCLCD is almost like a
homeotropic aligned LCD except for those directors

near the side wall. It is well known of course that the
homeotropic aligned LC has a very perfect dark state
between crossed polarizers. The contour with CR 5 10
extends to 70 ß on the left, right, upper, and lower sides.

It is obvious that the symmetry of the simulation results
is diŒerent from that of the experimental results. The
reasons are the same as those mentioned above and
based upon the non-uniformity of the cell gap. If the
treatment of the boundary conditions is improved experi-

mentally, the contours will be symmetric. There is
degradation of the contrast ratio in terms of the azi-

muthal angle (w 5 45 ß , 135 ß , 255 ß , 315 ß ), which is veri� ed
as being due to restrictions in the characteristics of the

crossed polarizers.

4.2.4. Dependence of transmittance and contrast ratio on

optical parameters
In order to obtain more detailed optical properties of

conic CCLCDs, we simulated the dependence of trans-
mittance (T ) and contrast ratio (CR) on the optical

parameter (Dnd/l) of the LC, where Dn 5 ne Õ no and ne
is the maximum refractive index of the extraordinary
ray. We � nd that the dependences of T on Dnd/l are

similar at w 5 45 ß and w 5 0 ß , when V 5 5 V. Figure 7 (a)
shows the dependence of transmittance on optical para-

meter Dnd/l at w 5 45ß . Apparently, both the regions
0.6 < Dnd/l < 0.66 and 1.6 < Dnd/l < 1.93 are good

choices. The latter has higher light transmittance than
the former in the bright state, while the former is better

(a)

(b)

in the dark state and in contrast ratio. When w 5 0ß andFigure 5. (a) Simulation results and (b) experimental results
Dnd/l < 1.6, the viewing angle (CR > 10) is larger thanfor the viewing angle-dependent normalized transmittance

(T ) at azimuthal angle w 5 45 ß . 70ß . This results from the good dark state where the LC
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702 B.-J. Liang et al.

(a)

(b)

Figure 7. The viewing angle dependence of (a) Dnd/l-
transmittance and (b) Dnd/l-contrast ratio at azimuthal

(a)

(b)

angle w 5 45 ß .Figure 6. (a) Simulation results and (b) experimental results
for iso-contrast ratio contours, where 0 V was used for
the dark state and 5.0 V for the bright state.

4.2.5. Adding a compensator
It is well known that adding a compensator to themolecules are perpendicular to the boundary and the

azimuthal angle w 5 0ß is parallel to the polarizer between LCD will increase the viewing angle. For example, if we
want to improve the overall viewing angle, we choosecrossed polarizers. Figure 7 (b) shows the dependence of

CR on Dnd/l at w 5 45 ß . It is obvious that the viewing the Dnd/l of the LC to be 0.6, and then add a c-plate
compensator of which the optical parameter Dnd/l isangle is not good because there is light leakage in the

dark state when w 5 45 ß with crossed polarizers. negative (we put it about Õ 0.36) between the polarizer
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703Conic cylindrical cavities L CDs

and conic CCLC. The � nal iso-contrast contour is
shown in � gure 8. It is obvious that the viewing angle
is improved.

4.3. Comparison with four-domain VAN and four-domain
twisted VAN devices

4.3.1. Voltage–transmittance curve
A simple one-dimensional director � eld calculation

for these devices and summation of the optical behaviour
of CCLC and 4-D VAN devices are obtained by using
Wang’s LCD simulator of the National Chiao Tung
University (NCTU), Taiwan. The voltage–transmittance
curve is shown in � gure 9. The threshold voltage of the
CCLCD is the same as that of the 4-D VAN. The bright
state of the CCLCD is one half of that of 4-D VAN in
theory. This is because the director con� guration is

Figure 9. Voltage–transmittance curve for the CCLCD andcircularly symmetric, while the polarizers are crossed. If
the 4-D VAN device at normal incidence.

the incident light is circularly polarized, the bright state
of the CCLCD will be increased. Besides it is an ideal
condition that the 4-D VAN is aligned such that the
optic axis of each domain is switched to be at 45 ß to

the chromaticity diagram. In order to study the oŒ-axis
the crossed polarizers. We predict that the bright state

colour shift (i.e. colour coordinate change as a function
of the CCLCD is in fact larger than one half of that of

of h) of the CCLCD, we employed the backlight for a
the 4-D VAN.

typical LCD monitor (CCFL, cold cathode � uorescent
lamp). Because the wavelength of the maximum bright-

ness of a CCFL is 545 nm, Dnd can be calculated as
4.3.2. OV-axis colour shift

348.8 nm for maximum transmittanc e at normal incidence
We de� ne the oŒ-axis colour shift as the distance from

from � gure 7 (a). To keep Dnd constant at 348.8 nm, the
the viewing angle h to h 5 0 for normal incidence in

dependence of transmittance on wavelength for diŒerent

viewing angles h can be obtained in � gure 7 (a). Therefore,
the coordinate of the chromaticity diagram (x, y) and

the oŒ-axis colour shifts were also calculated at diŒerent

viewing angles. The results for the colour shifts for
w 5 45 ß and w 5 0 ß are shown in � gures 10 (a) and 10 (b),

respectively.

Next, the coordinates of the chromaticity diagram
(x, y) were calculated at diŒerent viewing angles for the

4-D VAN, and 4-D twisted VAN using LCD Master of

the Shintek Corp. The backlight, polarizers and para-
meters of the LC in the 4-D VAN and 4-D TVAN

devices are the same as those for the CCLCD. The oŒ-

axis colour shifts of 4-D VAN and 4-D TVAN were also
calculated at diŒerent viewing angles. The result for the

colour shift are shown in � gure 10. It is obvious that

the oŒ-axis colour shift for the CCLC is much less than
that for the 4-D VAN and 4-D TVAN at higher viewing

angles (h larger than 30ß ). When h is less than 30 ß , there
are similar colour shifts in the three LCD modes. It is

also shown that the 4-D VAN has a larger oŒ-axis colour

shift than the 4-D TVAN for w 5 45 ß in � gure 10 (a).
Figure 8. Simulation results of iso-contrast ratio contours for

However, the 4-D VAN shows the same oŒ-axis colourthe conic CCLCD with a c-plate compensator, where 0 V
was used for the dark state and 5.0 V for the bright state. shift as the 4-D TVAN for w 5 0ß in � gure 10 (b).
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704 B.-J. Liang et al.

CCLCD, and it was obvious that the viewing angle was
improved. The oŒ-axis colour shift has also been studied,
and that for the CCLCD is less than those for 4-D VAN
and 4-D twisted VAN devices.
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89-2112-M-035-00 7 and the Electronics Research &
Service Organization of the Industrial Technology
Research Institute, Taiwan, ROC. The authors also
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Appendix
Consider a conic CCLCD with a given array of conic

cylinders of the LC as shown in � gure 2. The thickness
of the conic cylinder cylinders is D and the radii of
upper and lower circles are RU and RL , respectively. In
the conic CCLCD, the LC molecules are perpendicularly
anchored on the walls by the surfactant. The boundary
conditions of the LC directors are that n is vertically
aligned on the cylinder walls. The electrodes are located
on the upper plane z 5 D and the lower plane z 5 0, in
which the voltage V0 is applied. The boundary conditions
of the electric potential are V (z 5 0) 5 0, V (z 5 D) 5 V0 ,
and V (z � 3 ) 5 0.

Director modelling
The tensor formulation of the deformation energy

(a)

(b)

Figure 10. OŒ-axis colour shift (i.e. colour coordinate change density, Fs , expressed by Cartesian coordinates is
as a function of h) for the CCLC, 4-D VAN device, and
4-D twisted VAN device for (a) w 5 45ß and (b) w 5 0ß .

Fs 5
K
4

Q
jk,l

Q
jk,l

, i, j, k, l 5 1, 2, 3 (A1)

5. Conclusion
In conclusion, conic CCLCD with wide viewing angle Q

ij
5

1
2

Q (3n
i
n
j
Õ d

ij
) (A2)

have been demonstrated by simulation and by experi-
ment. The simulation of director distribution was based
on the tensor form formulation of the free energy density. Q

ij,l
5

qQ
ij

qx1
, x1 5 x, x2 5 y, x3 5 z (A3)

The simulation of the optical propagation and the
calculation of the optical transmittance were based on

where K is the approximated Frank elastic constant,the extended Jones matrix method. We have described
and Q

ij
is the element of the order parameter tensor ofthe fabrication process, microscopic observations and

the LC. In tensor calculus, it is quite advantageous tooptical measurements for conic CCLCD in detail. The
make use of the Einstein summation convention, i.e.viewing angle is about Ô 70ß for contrast ratios larger
A

i
B

i
5 A

1
B1 1 A2B2 1 A3B3 . The symbol d

ij
is thethan ten in both the horizontal and vertical directions,

Kronecker delta, which is de� ned asand absence of grey-scale inversion has been demon-
strated. Also, we have studied the dependence of trans-
mittance and contrast ratio on optical parameters. d

ij
5 G0, if i 5 j

1, if i Þ j
.

Finally, we added a c-plate compensator to a conic
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705Conic cylindrical cavities L CDs

The coupling between the electric � eld and director column lie parallel to the substrate. Each element is
assumed to have uniaixal birefringence, with a uniform� eld gives rise to a free energy density
optic axial direction. The optic axes of each element can
be interpolated by results from the front sections andFe 5

1
2

e0 e
jk

V
,j

V
,k

1
1
2

e0DeV
,j

V
,k

Q
jk

, i, j, k 5 1, 2, 3
vary from element to element. Because the molecular
director of the LC is continuous, the change in refractive(A4)
index is small; we assume that the light will not refract
outside the primary column. The passage of light throughV

,j
5

qV

qx
j

(A5)
each column of cells is considered in turn; the trans-
mittance of each column is calculated by the EJM

where e
jk

corresponds to the element of the relative
method and the total transmittance of the CCLCD is

permittivity tensor, De denotes the dielectric anisotropy,
the summation of all the columns.

and V is the electric potential. The free energy density
Consider a column with N sublayers; in each sublayer,

of the LC is
the medium is assumed to be uniaxial and homogeneous,

Fg 5 Fs Õ Fe . (A6) but the orientations of the optic axis are diŒerent. For
a given incident electric � eld (As , Ap ), the transmitted

The stable director � eld is the result of the distribution
electric � eld (A ¾s , A ¾p ) can be calculated by

of n1 , n2 , n3 , and V that make the free energy Fg minimal.
The master equations to minimize the free energy can CAs

ApD 5 MA MLC MP CAs
ApDbe obtained by using the variation method as follows.

MLC 5 DAg PN DN Õ 1,N PN Õ 1DN Õ 2,N Õ 1 ¼
qFg
qn1

Õ
d

dx1
A qFg

qn1,x1
B Õ

d

dx2
A qFg

qn1,x2
B

D2,3 P2D1,2 P1DPg ,

Õ
d

dx3
A qFg

qn1,x3
B 5 0 (A7)

D
j,j+1

5 CoÃ
j
¯ oÃ

j+1
eÃ
j
¯ oÃ

j+1
oÃ
j
¯ eÃ

j+1
eÃ
j
¯ eÃ

j+1
D

qFg
qn2

Õ
d

dx1
A qFg

qn2,x1
B Õ

d

dx2
A qFg

qn2,x2
B where D

j,j+1
is the dynamic matrix between the jth and

( j 1 1)th sublayers, and P
j

is the transfer matrix of the
jth sublayer. The unit vectors of the eigen-modes, oÃ and

Õ
d

dx3
A qFg

qn2,x3
B 5 0 (A8)

eÃ , in each sublayer are given by

oÃ 5
cÃ 3 ko
|cÃ 3 ko |

; eÃ 5
ko 3 oÃ

|ko 3 oÃ |
.qFg

qn3
Õ

d

dx1
A qFg

qn3,x1
B Õ

d

dx2
A qFg

qn3,x2
B

The MA and MP are matrices of analyser and polarizer,
Õ

d

dx3
A qFg

qn3,x3
B 5 0 (A9) respectively. They can be expressed as

div[e0 e
jk

( = V )
k
]
j
5 0. (A10) MA 5 CaÃ t ¯ sÃ aÃ a ¯ sÃ

aÃ t ¯ pÃ aÃ a ¯ pÃ DC1 0

0 0DCsÃ ¯ aÃ t pÃ ¯ aÃ t
sÃ ¯ aÃ a pÃ ¯ aÃ a

D
Optical simulation

We use the extended Jones matrix (EJM) method, which MP 5 CpÃ t ¯ sÃ pÃ a ¯ sÃ

pÃ t ¯ pÃ pÃ a ¯ pÃ DC1 0

0 0DCsÃ ¯ pÃ t pÃ ¯ pÃ t
sÃ ¯ pÃ a pÃ ¯ pÃ a

Dcovers large incident angles and arbitrary orientations.
This method is simpler than the 4 3 4-matrix method

where pÃ t , pÃ a , aÃ t , aÃ a are unit vectors of the transmission
and thus requires less computation time. It should be

axis of the polarizer, the absorption axis of the polarizer,
noted here that, from an electromagnetic wave point of

the transmission axis of the analyser, and the absorption
view, the EJM method is only allowed for the calculation

axis of the analyser, respectively. Analogously to the
of light propagation in strati� ed, anisotropic, inhomo-

unit vectors of eigen-modes, these unit vectors are given
geneous media. However, because the distribution of the

by
optical axes of the conic CCLCD is inhomogeneous, but
not strati� ed, we modi� ed the EJM method to deal with

pÃ t 5
cÃ 3 ki
|cÃ 3 ki |

; pÃ a 5
ki 3 pÃ t
|ki 3 pÃ t |

the light propagation in a CCLCD. The optical behaviour
of a CCLCD is modelled by dividing the material into
an array of CCLC [17]. The column is parallel to the aÃ t 5

cÃ 3 ki
|cÃ 3 ki |

; aÃ a 5
ki 3 aÃ t
|ki 3 aÃ t |incident ray passing into the LC and the sublayers in
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